' PROBABILITY DISTRIBUTION

- 7.1 INTRODUCTION

In Semester - II, you have learnt the concept of probability and some basic theorems on probability.

In this present chapter, we will discuss some standard probability distributions. When the number of
data is large and the probability of an event is very small, the basic theorems on probability do not work
adequately. In such situations, probability distributions work well. Depending upon the nature of the data,
various distributions are developed by Mathematicians from time to time.

72 PROBABILITY DISTRIBUTION OF RANDOM VARIABLE

d If a'real variable X be associated with the outcome of a random experiment, then since the values which
takes depend on chance, it is called a random variable or simply a variate. For instance, if a random
nent E consists of tossing a pair of dice, the sum X of the two numbers which turn up have the
3,4, .... 12, depending on chance. Then X is the random variable. It is a function whose values
mbers and depend on chance. |

andom experiment, the event corresponding (o a number “a” occurs, then the corresponding
said to assume the value ‘a’ and the probability of the event is denoted by P (X =a).
ility of the event X assuming any value in the interval a < X <b is denoted by

bability of the event X < C is writtenas P (X < O).

takes a finite set of values, it is called a discrete variate. On the other hand, il it

s the values X, X, X, ..., X, with probabilities P, Py, Py, .- Py
»@3) =P,...and P, +P, +P; + ... + P, = 1, then the probability

X,
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7.2.1 Mean of Random Variable is

_ 2 PX;
= ZPl

Here ZP, = Pl+p3 +P3+...+Pn = ]
B = XPX

7.2.2 Variance of Random Variable is

o° = Y PX,—u? where 0 = SD.




7.3 BINOMIAL DISTRIBUTION

’]f we pcrfqrm a series of independent trials such that for each trial *p’ is the probability of a success and
‘q’ is that of failure, then the probability of r successes in a series of n trials is givenby "C, p' " . where
r takes any integral value from O to n. The probabilities of 0, 1,2, ....r. ... n successes are, therefore,
givenby ¢*,"C, p-q"~1,°C, p? - q"~2%,..,"C. PP q" ', ..., p". e

The probability of the number of successes so obtained is called the binomial d
simple reason that the probabilities are the successive terms in the expansion of the

The sum of the probabilities
. qn_',ncl p-q“"+“C2 p2 .qn-2+_”+pn
‘ =(q+p) =1
Notes :
(1) Binomial distribution is concerned with trials of a repetitive nature in which only the oc
non-occurrence, success or failure, acceptance or rejection, yes or no of a particular event is of

(2) Mean of binomial distribution = np

Mean = 4 = n-p



/.

(3) Standard deviation, 0 = Vn - p - g

(4) Variance, V = npq
The following illustrative examples are b

eee ILLUST RATIVE EXAMPLES eee®

ased on Binomial distribution :

An unbiased coimis tossed 5 times. F ind the probability of getting

(@ three heads (b) at least 4 heads.
Solution : In this case,
the number of independent trials, n = 5

. 3
In each trial, the probability of getting heads is P

1 1 S ia ¥4
p=§,q=§ e 5 Eq/ F’)

By the binomial distribution, we have
PX=r0= "C proqrt
(o) When cxactly 3 heads are obtained, r = 3

RN ORON
e (5) (5) e Ke = LT
Tl (2)

A- »= 10x§-2-— ﬁ

W n at least 4 heads are obtained i.e.r = 4 or5
=dorr=5=Pr=4+P( =

@ (-0 e ) ()
0 e ()

wﬂl be defective is -110- If 12 such pens are



Frooaduty vistrioution =

p = probability that a pen manufactured will be defective

1
o 0.1
10 0P

q =1-p=1-01 =09 = probability of non-defective pen
By binomial distribution, we have

PX=1)="C.p-q-°
(@) Exactly two will be defectiveie. r = 2

P(2) = "C,-(0.1)2.(0.9)2-2

iax11

A e 2
6 x 11 x (0.01) (0.3487)
0.2301

(b) Atleast two will be defective

x (0.1)* - (0.9)'0

1 — P (either none or one is non-defective)
=1-[Pr=0+PF = 1)

= 1-["Cy- 0.9)2 + ¢, - (0.1)! - (0.9)! ]!
1 -[0.2824 + (12) (0.1) (0.3138)]

1 - [0.2824 + 0.3766]

1 - [0.659]

= 0.341

(© None will be defectiveie.r = 0
P(r=0)="Cy- (0.1 (09)2-0

i = 1% (0.9)2

= 0.2824

ng a large number of parts manufactured by a machiné, the mean number of defectives in
Out of 1000 such samples, how many would be expected to contain atleast 3 defective

—— .
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l—[lx(09)‘+20(01)(()9)

il

20: 19 0.1y ] 09"

1= [081 + 1.8 +1.9] (0.9)"
I -451% (09"
1-0.677 = 0.323
Thus, the numbgr of samples having at least three defective parts out of 1000 samples.
= 1000 x 0.323 = 323
' 1£ 30% of the bulbs produced are defective, find the probability that out of 4 bulbs selected
(@) one is defective

(b) at the most two are defective.
Solution : 30% bulbs are defective

p = probability of getting defective bulb = ILO(S = %)
q = probability of non-defective bulb = 1-p =1 —% = ll()
Four bulbs are selected . n = 4

By binomial distribution, we have
Px=r1)= “Cr, pr.qn—r
(@) Probability that one bulb is defective i.e. r

PO) - ‘c (f—o)“(f—o)“
4x— X (10)

= 4x0.3x0.343
= 04116

I
=

L

ity that at the most two bulbs are defectivei.e. r = 0,1, 2
: bR
1_"""' C°( +'C (10) (10) (10) '(10)
L2
2 4
: +4 (0.3) (0.7) + e

n, C2 =_(M
x 3 ANE
3 (0'09)] (10)

&)§4] x 0.49

of throws ohcorved were as follows ¢
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,_/‘(6)j In 10 independent throws of a defective die, the probability that an even number will appear fiv¢
times s twice the probability that an even number will appear four times. Find the probability that an even
number will not appear at all in 10 independent throws of the die. BT

—ee e, ———e —— o

Solution : In this case,
probability of getting an even number (success) in a single trial

p =
q = probability of not getting an even number (failure)
n = number of throws = 10
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- P(x=n="C-p-q-* |

Itis giventhat P(r = 5) = 2xP(r = 4)
mcs-P’~q5 =2wa4-p‘-q6

10! !
ST RS () 0= 2% e ity
y.wud
Rt
P _4g
5 3
3p =5q
3p =5(-p)
3p = 5-5p
8p =5

5
P =3

5 3

JET e Tl
Hence the probability that an even number will not appear at all (zero success) 18 :
=P =0 ="Co-q p"

= 1x1x (8)10 (8)'0



7.4 POISSON DISTRIBUTION

In binomial distribution if we are given n and p, we can form probability distribution. But if ‘n’ is

large and p or q are very small, the calculations become very difficult. In such situations. Poisson’s
distribution is applicable.

Thus, Poisson’s distribution is a limiting case of binomial distribution when n — e and p — 0 and
is given by the formula :

By = — e I

where ‘m’ ismeanand m =n-p

The probability distribution determined by function (1) above is called the Poisson distribution
1s called the parameter of the distribution. Evidently, this distribution is an infinite discre
distribution. The random variable ‘r’ associated with a Poisson distribution is called a Poisson varia



74.1 Mean,m=n-p
7.4.2 Variance, V=m

743 S.D =\Vm

The following examples illustrate the Poisson distribution : .

&
eee ILLUSTRATIVE EXAMPLES eee

@ If a random variable has a Poisson distribution such that P (3‘) P (), find P (0) and P (1).

Solution : The probability function of Poisson distribution is given by

) muser't
Lir) 7 r'!
m3 . e™
P3) = 3 .!
s m4 .e”m
and P(4) = 40

ButP(3) = P4)

1 m
B3 Ix 4 ikt
' : 0.e-m
Now () P(0) = "5y — = e = 001832
1ea—m -4
R = " — = X - 4% 01832 = 00733

Using Poisson distribution, find the probability that the ace of spades will be drawn from a pack of
cards at least once in 104 consecutive trials.
—

ation : In this problem,

P = probability of an ace of spade in a single trial = 51—2



=1-e o Mim 3
= 1-0.135 e S8 2 .
e (2718

= 0.865
({ Fit a Poisson distribution to set of following observations :




B = S
' 1 o

'3 - e,
uii\

-l "_ -

Ry mln.m

Then, according to Poisson’s distribution function, we have
i =

(@ Exactly 2 will suffer a bad reactionie. r = 2

P(r

m' -

2)

Jv.g\d-

p=0m1

n-p -
1000 x 0.001

1

e"'m

r !

1) - el

21
B L
2 e 2 (2.718)
L— 0.1840

5.436

Sttt}
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(b) At least 2 will suffer a bad reaction i.e.r = 2,3, ..., 1000
P(r = atleasttwo) = P(2)+ P (3)+ ... + P (1000)
1=[PO)y+P(D)
o [Ll)“_-.c_?.'~ RO )
0! |
{ =1 41] i

~

] - -
¢

2
2718
(€) At most two will suffer a bad reactionie.r = 0, 1, 2
P(0)+P(1)+P©2)
_W et ) et ()Y -e!
BT 1 T 72

- PN e
el +e! 4

2

% B
[l+1+2]e
5 1 5

= |- 1 =0.736 = 0.2640

P (r = at most two)

Il

“2'e T 202718 " 5.336 R
More than two will suffer a bad reactioni.e.t = 3,4, ...
(r = more than two) = 1 - [P (0)+ P (1) + P (2)]
e =1-092 ... [rom case (c)

= 0.08
electric bulbs manufactured by a company are defective, use Poisson distribution to
t in a sample of 100 bulbs

defective. (Given e* = 0.007)




(b) Five bulbs are defective i.e.t = 5

55'6-5 v
Fl) e
3125 x 0.007
] X 2x3x4X%X5
21.875

120
0.1823

P ——— e, o T )
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